We prove several relations on multiple Hurwitz-Riemann zeta functions. Using analytic continuation of these multiple Hurwitz-Riemann zeta functions, we quote at negative integers Euler's nonlinear relation for generalized Bernoulli polynomials and numbers. As an application, we give a general convolution identity for Bernoulli numbers.
Introduction
Convolution identities have been studied by many authors in many types of numbers. In particular, identities of Bernoulli numbers B n , defined by t e t − 1 = ∞ n=0 B n t n n! (|x| < 2π), have been widely considered as they have strong connections with zeta functions in prime number theory. See, e.g. [1, 2] and references therein. Define Several variations of convolutions have been also given (e.g. [3] [4] [5] ). Convolution identities of several types of generalized Bernoulli numbers and polynomials have been studied consequently (e.g. [6, 7] ).
On the other hand, the higher-order convolution identities for several numbers and polynomials have been tried by several authors (e.g. [8] [9] [10] [11] ). In [8] , the higher-order recurrences for Bernoulli numbers were considered. Namely,
However, it is not easy to express this sum explicitly. In order to analyse the structure of higher-order convolutions of Bernoulli numbers, it is essential to introduce the corresponding zeta functions. In [9] , Bernoulli-Barnes numbers, Bernoulli-Barnes polynomials and Barnes zeta functions are considered. In [6] , Shintani generalized Bernoulli polynomials are studied in terms of the corresponding generalized zeta functions. In [11] , a generalized Hurwitz formula for multiple Hurwitz zeta functions is presented. In [10] , by using relations among different zeta functions, formulas for sums of products of Bernoulli polynomials are derived.
In this paper, we prove several relations on multiple Hurwitz-Riemann zeta functions. Using analytic continuation of these multiple Hurwitz-Riemann zeta functions, we quote at negative integers Euler's nonlinear relation for generalized Bernoulli polynomials and numbers. As an application, we give a general convolution identity for Bernoulli numbers.
Let
where B n is the nth Bernoulli number. Then we have the formulae: Proof: The formulae (1.1) and (1.2) are equivalent via the orthogonal relation satisfied by Stirling numbers
It is easy to see that both formulae are valid for n = 1. Let n ≥ 2. If the formula (1.1) is true, then
On the other hand, the relation (1.1) can be proven by induction on n by using the recurrence formula
.
Remark 1.2: Note that
After a change of basis that involves the Stirling numbers of the second kind, the power operator d n /dz n can be obtained from the Pochhammer operator
this gives another way to obtain Lemma 1.1.
Applying the Leibnitz derivative formula to b(x) = xf (x), we obtain
Then we have
Thus, for n ≥ 0, we have Proposition 1.3:
Zeta function
Consider the zeta function defined by Mellin integral
where
which is defined for (s) > m + 1 and (x) > 0. It is not difficult, by use of the classical Riemann's methods, to prove its analytic continuation to whole complex field C except simple poles at s = 1, 2, . . . , m + 1. We omit it.
On the other hand, we have the following. Denote the Hurwitz zeta function by
and multiple Hurwitz zeta functions of order n (e.g. [11] ) by
Theorem 2.1: Let m be a nonnegative integer. Then we have
Proof: By Lemma 1.1, we have
and then
Therefore, by integration by parts, we have
. Using the general Leibniz rule, we obtain
On the other hand, from the relation (1.1), we have
The result follows from Equations (2.4) and (2.5). Finally, since
we have 
([11, (1.9)]) and 
(e.g. [13] ).
Corollary 2.3: For any positive integer n, we have
Proof: We have
(n − 1)!. Thus, from Equation (2.6) we have the desired result.
Next, we study the zeta function associated with Mellin integral given by
Then, we have the following.
Theorem 2.4:
m+1 k=1 (k − 1)!(−1) k+1 s m + 1 k ζ k (s + 1, x) + m m k ζ k (s, x) = m k=0 m k (−1) k x m−k (s − k)ζ (s − k + 1, x).
Corollary 2.5: If s is a negative integer with s
In addition, if x = 0, we obtain 
Zeta function of higher order
Proof: By the general Leibniz rule, the left-hand side is equal to
By integration by parts,
On the other hand, we have
Hence, we get
that is the desired identity.
Corollary 3.2:
We have
Convolution
In this section, by studying the zeta function
by another method, we get a general convolution identity for Bernoulli numbers. This method allows us to have other interesting information on the special values of Z m 1 ,...,m d (s, x) at nonpositive integers. We give the details of this method when d = 2. The general case is similar to this one, though it is more complicated.
Lemma 4.1:
Proof: By integration by parts and the general Leibniz rule, we have
Hence,
By Proposition 1.3 and Lemma 4.1, we obtain the following theorem.
Together with Lemma 4.1, we get the desired result.
Putting s = −n in Theorem 4.2, we obtain the following. Similarly, we can do the same for any d ≥ 3 and obtain generalization of the previous theorem. However, the formulas obtained are not as pretty as in the case d = 2. For this reason, we do not wish to state them here.
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